We obtain nontrivial solutions of semilinear elliptic boundary value problems with jumping nonlinearities that have resonance with respect to the Fučík spectrum both at zero and at infinity.
Introduction
Let Ω be a bounded domain in R n with smooth boundary ∂Ω. The Fučík spectrum of −∆ on Ω is defined to be the set Σ of those points (a, b) ∈ R 2 for which the problem
has a nontrivial solution, where u ± = max{±u, 0}. Consider the semilinear problem
where f (x, t) is a Carathéodory function on Ω × R satisfying f (x, t 1 ) − f (x, t 2 ) C|t 1 − t 2 |, x ∈ Ω, t 1 , t 2 ∈ R, (1.3)
f (x, t) = b 0 t + − a 0 t − + o(t) a.e. as t → 0, (1.4) f (x, t) = bt + − at − + o(t) a.e. as |t| → ∞.
(1.5)
It is well known that solutions of (1.2) are the critical points of the functional The double resonance case where both (a 0 , b 0 ) and (a, b) are in Σ was recently studied in Perera and Schechter [16] , and some existence results were established using a local linking near zero and a computation of the critical groups at infinity. Here we obtain further existence results that compliment those of [16] by combining an explicit computation of the critical groups at zero with a (global) linking argument. Let 0 < λ 1 < λ 2 < · · · denote the distinct Dirichlet eigenvalues of −∆ on Ω. It is known that Σ consists, at least locally, of curves emanating from the points (λ l , λ l ) (see, e.g., [1, [6] [7] [8] [9] [10] [11] [12] [13] ). It was shown in Schechter [20] that in the square Q l := (λ l−1 , λ l+1 ) 2 there are two curves C l1 , C l2 (possibly coinciding) in Σ that are strictly decreasing and pass through (λ l , λ l ) such that the region below the "lower" curve C l1 and the region above the "upper" curve C l2 are free of Σ. When the curves do not coincide, the status of the points between them is unknown in general. However, it was shown in Gallouët and Kavian [9] that they are not in Σ when λ l is a simple eigenvalue. On the other hand, Margulies and Margulies [14] have constructed examples in which there are numerous curves in Σ emanating from (λ l , λ l ) when λ l is a multiple eigenvalue (of course, such curves must lie between C l1 and C l2 ).
We now state our main result. Denote by
the nonquadratic part of 2F (x, t). We assume that 9) for some δ > 0. Concerning the behavior of the nonlinearity f (x, t) near infinity, we will assume that either
for some W ∈ L 1 (Ω). If H satisfies either (1.10) or (1.11), then the functional G satisfies the compactness condition of Cerami [2] : any sequence {u k } ⊂ E such that G(u k ) is bounded and (1 + u k )G (u k ) → 0 has a convergent subsequence (see Schechter [22] and Lemma 5.1 of Perera and Schechter [16] ). We have Note that (a 0 , b 0 ) can be on either of the curves C mj , or it can be a point between them (when there are points in Σ in that region). Note also that we may take (a 0 , b 0 ) and (a, b) to be the same point on C m2 . However, the existence problem remains open when both (a 0 , b 0 ) and (a, b) are points of Σ that are between the upper and the lower curves. Neither the Theorem 1.1 nor the result of [16] gives a nontrivial solution in this case.
We explicitly remark that we do not assume p(x, t) := f (x, t) − bt + + at − grows sublinearly. For example, (1.10) (respectively, (1.11)) is satisfied if p(x, t) = −t/ log |t| (respectively, t/ log |t|) for |t| large, even though there is no σ ∈ (0, 1) such that |p(x, t)| C(|t| σ + 1) in this case. Therefore Theorem 1.1 seems to be a new result even in the linear case a 0 = b 0 = λ m , a = b = λ l , which we restate as a corollary. 12) and (1.9). Then (1.2) has a nontrivial solution in each of the following cases:
We refer the reader to Costa and Cuesta [5] and Schechter [22] for problems that have resonance only at infinity. Let us also mention that in the nonresonance case the authors have obtained a nontrivial solution provided that the nonlinearity f (x, t) "crosses" some curve C mj (see [17] [18] [19] ).
Manifolds associated with the Fučík spectrum
In this section we describe the curves C l1 and C l2 and discuss their relation to certain submanifolds of E. For each positive integer l, let N l denote the subspace spanned by the eigenfunctions corresponding to λ 1 , . . . , λ l , let M l = N ⊥ l , and define
3)
The following lemma was proved in Schechter [20] . 
By (iii) and (iv),
, and let C l2 be the upper curve b = µ l (a).
Next we describe some manifolds related to the Fučík spectrum and discuss some of their properties. It was shown in Schechter [21] that there are continuous and positive homogeneous maps θ :
are the unique solutions of
4)
respectively. Let 
6)
S l2 = v + τ (v): v ∈ N l ,(2.
Critical groups at zero
Throughout this section we assume that 0 is an isolated critical point of G. Set
Lemma 3.1. If (1.9) holds, then the critical groups of G at 0 are given by
As usual H * denotes the singular homology groups with integer coefficients. Before proving the lemma, we discuss some of its implications. Let S m be defined by (2.4)-(2.8) with I 0 in place of I . Denote by S the unit sphere in E and set 
by a theorem of Chang [3] , and (3.6) where X − = E − ∩ X, by Palais [15] . Therefore it suffices to show that
We have 8) where G 0 = {u ∈ X: G(u) 0} and ρ ∈ (0, δ] is so small that 0 is the only critical point of G in B ρ = {u ∈ X: u X ρ}. We will show that G 0 ∩B ρ is contractible and G 0 ∩B ρ \{0} is homotopic to S − ρ := S ρ ∩ X − where S ρ = ∂B ρ . Since S − ρ is homotopic to X − by the positive homogeneity of I 0 , (3.7) follows.
We now study the set G 0 ∩ B ρ . We have
where
Combining (3.10) with
gives 12) so (1.9) implies
It follows that 17) by (1.9). It follows that there is a unique t 0 = t 0 (u) ∈ (0, 1] such that G(tu) < 0 for 0 < t < t 0 , G(t 0 u) 0, and G(tu) > 0 for t 0 < t 1, so
We claim that the map t 0 : S − ρ → (0, 1] is continuous. By (3.17) and the implicit function theorem, t 0 is C 1 on {u ∈ S − ρ : t 0 (u) < 1}, so it suffices to show that if u n → u and t 0 (u) = 1, then t 0 (u n ) → 1. But for any t < 1, G(tu n ) → G(tu) < 0, so t 0 (u n ) > t for n sufficiently large. Now the mapping
is a contraction of G 0 ∩ B ρ to 0, and the mapping (3.20) whereû = u/ u X is a strong deformation retraction of G 0 ∩ B ρ \ {0} onto the set {t 0 (u)u: u ∈ S − ρ }. Since this set is homotopic to S − ρ , the proof is complete. ✷
Proof of Theorem 1.1
Recall that the set A R = {v ∈ N l−1 : v = R}, R > 0 homologically links M l−1 since the embedding
is nontrivial. Since the map
is a homeomorphism of E that preserves N l−1 , it follows that A R links S l1 also. Similarly, 
and G is bounded below on S l1 .
(ii) If (1.11) holds then
and G is bounded below on M l−1 .
Proof. (i) We have
where 8) since the integral in the middle converges to 0 by (4.6) and (4.7). But
Combining (4.6) with 
